Abstract. Kuga and Satake associate with every polarized complex K3 surface (X, L) a complex abelian variety called the Kuga-Satake abelian variety of (X, L). We use this construction to define morphisms between moduli spaces of polarized K3 surface with certain level structures and moduli spaces of polarized abelian varieties with level structure over C. In this note we study these morphisms. We prove first that they are defined over finite extensions of Q. Then we show that they extend in positive characteristic. In this way we give an indirect construction of Kuga-Satake abelian varieties over an arbitrary base. We also give some applications of this construction to canonical lifts of ordinary K3 surfaces.
Introduction
When studying algebraic curves one constructs an abelian variety, called the Jacobian of the curve. The geometry of this abelian variety describes properties of the curve. Here, we consider a similar construction for K3 surfaces. Namely, we assign to every polarized K3 surface an abelian variety with certain properties, called its Kuga-Satake abelian variety.
Let us explain briefly the construction of these varieties over C due to Kuga and Satake. Starting with a polarized complex K3 surface (X, L) one considers the second primitive Betti cohomology group (1)). Using the polarized Z-Hodge structure on P 2 B (X, Z(1)) one defines a polarized Z-Hodge structure of type {(1, 0), (0, 1)} on the even Clifford algebra C + P 2 B (X, Z(1)) . One might think of this construction as "taking a square root of a Hodge structure". Such a Hodge structure corresponds to a complex abelian variety A, called the Kuga-Satake abelian variety associated to (X, L). Using Kuga-Satake varieties one can deduce some properties of K3 surfaces, mostly of motivic nature, from the corresponding properties of abelian varieties.
At this point one may ask whether one can use this construction to define Kuga-Satake abelian varieties over subfields of C. Or whether one can construct Kuga-Satake abelian schemes starting with families of polarized K3 surfaces. One can find some answers in [7] and [1] . One can go even further and ask whether one can define Kuga-Satake abelian varieties in positive characteristic. We combine all these questions in one, which was originally the motivation for our work.
Notations and conventions
General. We writeẐ for the profinite completion of Z. We denote by A the ring of adèles of Q and by A f =Ẑ ⊗ Q the ring of finite adèles of Q. Similarly, for a number field E we denote by A E and A E,f the ring of adèles and the ring of finite adèles of E.
If A is a ring, A → B a ring homomorphism then for any A-module (A-algebra etc.) V we will denote by V B the B-module (B-algebra etc.) V ⊗ A B.
For a variety X over C we will denote by X an the associated analytic variety. For an algebraic stack F over a scheme S and a morphism of schemes S ′ → S we will denote by F S ′ the product F × S S ′ and consider it as an algebraic stack over S ′ . We use the notations established in [26] . In particular, for a natural number d we write F 2d for the Deligne-Mumford stack of K3 spaces with a primitive polarization of degree 2d. It is a smooth stack over Spec(Z [1/2d] ). See Theorem 4.7 in [26] and §1.4.3 in [29] . For n ∈ N, n ≥ 3, and a subgroup K of finite index in K n we denote by F 2d,K the smooth algebraic space over Spec(Z[1/N]) of K3 surfaces with a primitive polarization of degree 2d and a level K-structure. If K is admissible, then we denote by F full 2d,K the moduli space of K3 surfaces with a primitive polarization of degree 2d an a full level K-structure. For details we refer to Section 6 in [26] and Section 1.5 in [29] .
Let U be the hyperbolic plane and let E 8 be the positive quadratic lattice associated to the Dynkin diagram of type E 8 . Denote by (L 0 , ψ) the quadratic lattice U ⊕3 ⊕ E
⊕2
8 . Further, let (V 0 , ψ 0 ) be the quadratic space (L 0 , ψ) ⊗ Z Q. Further, we use the notations established in Section 2.1 of [26] .
Algebraic groups. A superscript 0 usually indicates a connected component for the Zariski topology. For an algebraic group G will denote by G 0 the connected component of the identity. We will use the superscript + to denote connected components for other topologies.
For a reductive group G over Q we denote by G ad the adjoint group of G, by G der the derived group of G and by G ab the maximal abelian quotient of G. We let G(R) + denote the group of elements of G(R) whose image in G ad (R) lies in its identity component G ad (R) + , and we let G(Q) + = G(Q) ∩ G(R) + . Let V be a vector space over Q and let G ֒→ GL(V ) be an algebraic group over Q. Suppose given a full lattice L in V (i.e., L ⊗ Q = V ). Then G(Z) and G(Ẑ) will denote the abstract groups consisting of the elements in G(Q) and G(A f ) preserving the lattices L and LẐ respectively.
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Extension of polarizations of abelian schemes
In this section, we give some results on extension of polarizations of abelian schemes. We will use them to extend Kuga-Satake morphisms in positive characteristic. We fix a discrete valuation ring R with field of fractions K and residue field k. Lemma 1.0.1. Let A be an abelian scheme over a discrete valuation ring R and let λ K be a polarization of the generic fiber A K of A. Then λ K extends uniquely to a polarization of A.
Proof. By Proposition 2.7 in Ch. 1 in [9] λ K extends uniquely to a homomorphism λ : A → A t over R. It suffices to show that 2 · λ is a polarization. But 2 · λ = ϕ M where M = (id A , λ) * P A and P A is the Poincaré bundle on A × A t . We conclude by Corollary VIII 7 in [25] that M is relatively ample, hence 2 · λ is a polarization. Lemma 1.0.2. Suppose given a locally noetherian, regular scheme U and a dense open subscheme V ⊂ U such that the codimension of U \ V in U is at least 2. Let A → U be an abelian scheme and let λ V be a polarization of A V → V . Then λ V extends uniquely to a polarization λ of A → U.
Proof. Applying Proposition 2.7 of Ch. 1 in [9] as in the proof of the previous lemma we see that λ V extends uniquely to an isogeny λ : A → A t over U. By assumption there is anétale covering π V :Ṽ → V such that the pull-back λṼ : AṼ → A tṼ of λ V is equal to ϕ LṼ for an ample line bundle LṼ on AṼ . By the Zariski-Nagata purity theorem (see Cor. 3.3 of Exp. X in [10] ), the morphism π V extends to anétale covering π :Ũ → U. Let j :Ṽ →Ũ be the inclusion. Then the sheaf L := j * LṼ is a line bundle (cf. Lemma 6.2 in Ch. V in [9] ). The isogenies λṼ and ϕ LṼ coincide so by the unicity part of Proposition 2.7 in Ch. 1 of [9] we see that λŨ = ϕ L .
To show that λŨ is a polarization we apply Corollary VIII 7 of [25] as in the proof of the preceding lemma.
Kuga-Satake morphisms over fields of characteristic zero
In the following, sections we will recall the construction of Kuga-Satake abelian varieties associated to polarized K3 surfaces. In our exposition we will follow [7] and [1] . In Section 2.5 we will use these ideas and the results of [28] to define Kuga-Satake morphisms over number fields.
2.1. Clifford groups. Clifford groups will play an essential role in the construction of the Kuga-Satake morphisms and in this section we give a short review of the results we use later in this note. For details we refer to Ch. V in [16] and Ch. 9 in [32] .
Let d be a natural number. For simplification we change the notations of Section 2.1 in [26] by setting (L, ψ) to be the lattice (L 2d , ψ 2d ) and (V, ψ) to be the quadratic space (L 2d , ψ 2d ) ⊗ Q.
Denote by G the algebraic group SO(V, ψ) ∼ = SO (2, 19) over Q (see Section 2.1 in [28] ). Further, following the notations of Example 5.1.4 in [26] we consider the even Clifford algebra C + (V ) and the Clifford group G 1 := CSpin(V ) of (V, ψ). Recall that one has a homomorphism of algebraic groups
which is called the adjoint representation of CSpin(V ) on V . The kernel of the adjoint representation of CSpin(V ) is G m and one has a short exact sequence
Then G = G ad 1 and we have that the center Z(
which acts trivially on the constants G m ֒→ G 1 . We define the spinorial norm
It is a surjective homomorphism and we denote its kernel by Spin(V ). The spinorial norm gives rise to a short exact sequence
One has that G der 1 = Spin(V ) is the derived group of G and N :
is the maximal abelian quotient of G 1 . The group Spin(V ) is simply connected.
Further, we dispose of an embedding CSpin(V ) ֒→ C + (V ) * and left multiplication by elements of CSpin(V ) on C + (V ) gives an inclusion of algebraic groups
See §3.2 in [7] . It is called the spin representation of CSpin(V ) on C + (V ).
2.2. Kuga-Satake abelian varieties associated to polarized K3 surfaces. In this section we recall the construction of Kuga-Satake abelian varieties. We will follow closely [7] and [1] . Let (X, L) be a primitively polarized complex K3 surface of degree 2d. We use the notations established in Section 2.1 in [26] . As pointed out in Remark 2.3.2 in loc. cite., we can find a marking m :
There is a unique homomorphism
The composition of the homomorphism h m with the spin representation β :
gives rise to a polarizable Z-HS of type {(1, 0), (0, 1)} on W . We refer to Proposition 4.5 in [7] for a proof. Hence β •h m defines a complex abelian variety A = A(L, h), given by the condition that H 1 B (A, Z) = W as Z-HS. Its dimension is g = 2 19 . If we take a different marking
Hence we obtain an isomorphism between the abelian varieties associated to (W, β •h m ) and (W, β •h m ′ ). Thus we see that the construction described above associates to a polarized K3 surface (X, L) an abelian variety A, which does not depend on the choice of a marking m.
Definition 2.2.1. The abelian variety A is called the Kuga-Satake abelian variety associated to (X, L).
We will see in Section 2.4 how to give explicitly polarizations of A.
Example 2.2.2. We shall describe explicitly how to obtain the Hodge structure on C + (V ) in terms of the one on V . Choose an orthonormal basis (e 1 , e 2 ) of V + = V R ∩(V −1,1 ⊕V 1,−1 ) and let e + = e 1 e 2 . Choose an orientation of (e 1 , e 2 ) such that e 1 − ie 2 spans V 1,−1 . Then multiplication by e +
x → e + x defines a complex structure on C + (V R ) which corresponds to the morphismh : S → GL(C + (V R )) defined above. The Kuga-Satake abelian variety A associated to (X, L) is exactly the complex torus
is considered as a complex vector space via the complex structure given by multiplication by e + . For further details we refer to the articles of Satake [31] , Kuga and Satake [15] and van Geemen [33] .
Example 2.2.3. As before X will be a complex K3 surface. Instead of taking the orthogonal complement of an ample line bundle one can consider a subgroup (1)) with respect to the bilinear form ψ. Then L N carries a natural polarized Z-HS of type {(1, −1), (0, 0), (−1, 1)} and one can consider again C + (L N ) and give it a polarized Z-HS of type {(1, 0), (0, 1)} as above. It gives rise to a complex abelian variety A N associated to the pair (X, N). We refer to §4.1 in [23] for further comments. Example 2.2.4. Let X be an exceptional K3 surface. Then the transcendental space T X,Q = c 1 (Pic(X) Q ) ⊥ is of dimension 2 over Q. By the preceding remarks we conclude that A is isogenous to a product of 2 19 copies of an elliptic curve E which has complex multiplication. See also pp. 241-242 in [15] . Remark 2.2.5. Note that from the very construction of A we have that the MumfordTate group MT(A) is contained in G 1 viewed as a subgroup of GL(C + (V )) via the spin representation (4). Moreover, from the short exact sequence (2) we see that G m = ker(α) is contained in MT(A) for weight reasons and hence we have an exact sequence
We also conclude that Hg(A) is an extension of Hg(X) by Z/2Z. [7] ). In other words there is an injection
Endomorphisms. Denote by
In fact one can see that there is an isomorphism of Z-HS of type
where
2.4. Polarizations. Let (X, L) be a complex K3 surface with a primitive polarization λ of degree 2d and let m :
and Remark 2.3.2 in [26]). Let h m : S → SO(V R ) be the Z-HS induced on
L by h X and let let A be its associated Kuga-Satake abelian variety. We will show how to give explicitly a polarization of the Z-
be the canonical involution of the even Clifford algebra. Fix a non-zero element a ∈ C + such that ι(a) = −a. Then the skew-symmetric form
given by ϕ a (x, y) = tr(ι(x)ya) defines a polarization for the Z-HS on W if and only if the symmetric bilinear form iϕ a (x,h m (i)y) is positive definite (here i = √ −1). Lemma 4.3 in [7] (see also Example 2.4.1) guarantees the existence of an element a ∈ C + for which ±ϕ a is a polarization.
Example 2.4.1. Let e 1 , . . . , e 21 be an orthogonal basis of (V, ϕ) such that ψ(e i , e i ) < 0 for i = 1, 2. Let m = 0 be an integer such that me 1 e 2 ∈ C + (L). One has that ι(me 1 e 2 ) = −me 1 e 2 and if h ∈ Ω ± , then either ϕ me 1 e 2 or −ϕ me 1 e 2 is a polarization forh. For a proof we refer to [33, Prop. 5.9] .
Remark 2.4.2. Note that the degree of the polarization ϕ a depends only on a and d and can be computed explicitly.
Remark 2.4.3. Let a ∈ C + be an element such that ι(a) = −a and, say ϕ a is a polarization the Z-HS on W induced byh. Then ϕ a defines a polarization µ : A → A t which gives rise to a Rosati involution † on End 0 (A) = End(A) ⊗ Q. One can see that the restriction of the Rosati involution to C + ⊗ Q ֒→ End 0 (A) (cf. (5)) is given by 2.5. Kuga-Satake morphisms over fields of characteristic zero. Recall that we associated to every polarized complex K3 surface a complex abelian variety. We will explain here how to do this in families. Following the line of thoughts in [7] and [1] we define Kuga-Satake morphisms from the moduli spaces of polarized K3 surfaces with certain level structures to moduli stacks of polarized abelian varieties. We shall keep the notations from the previous sections.
Consider the Shimura datum (G, Ω ± ) (cf. Section 2.2 in [28] ) and let h 0 : S → G R be an element of Ω ± . Leth 0 : S → G 1,R be the unique homomorphism such that
defines a Shimura datum with reflex field Q. We refer to Appendix 1 in [1] for a proof.
The adjoint representation (1) defines a morphism of Shimura data
in the following way: α gr : G 1 → G is the adjoint representation homomorphism and
± is an analytic isomorphism ( §4.2 in [7] or Lemma 4.11 in [18] ). We use the notations established in Section 5 of [26] . Fix a natural number n ≥ 3.
which is a subgroup of finite index in K a n (cf. Example 5.1.4 in [26] ). Then one has a morphism of quasi-projective Q-schemes
Further, by Hilbert's Theorem 90, H 1 (k, G m ) = 0 for all fields of characteristic zero, hence we can apply Lemma 4.13 in [18] and conclude that the morphism α (K sp ,K a ) ⊗ C is a Galois cover with a Galois group C. As C acts on Sh K sp (G 1 , Ω ± 1 ) C via Hecke correspondences we see that these automorphisms are defined over Q. Therefore the morphism (7) is a Galois cover with a Galois group C.
We will describe more explicitly the relation between these two Shimura varieties over C. Consider the finite sets (2)). Note that C naturally acts on C G 1 from the right. With this action the map α makes C G 1 into a C-torsor over C G (in the sense of sets); in other words, if
One has that the decomposition of 
+ is an isomorphism of complex quasi-projective varieties. Indeed, α maps Γ
+ is an isomorphism so we see that (9) is an isomorphism as well. Further, we have that
where g 1 ∈ G(A f ) with α(g 1 ) = g. Denote by W the Z-module C + (L) and choose an element a ∈ C + such that ι(a) = −a. Recall that for such an element we have defined a bilinear form ϕ a : W ⊗ W → Z(−1) (see (6) ). The image of G 1 under the spin representation β : G 1 ֒→ GL(W Q ) is actually contained in CSp(W Q , ϕ a ). Indeed, for any element γ ∈ G 1 we have that
Further, if the bilinear form ϕ a defines a polarization for a Hodge structure β •h 1 on W , then it defines a polarization for all Hodge structures β •h on W , for whichh belongs to the connected component of Ω ± 1 ofh. If ϕ a is a polarization for thoseh coming from the elements in Ω + , then −ϕ a is a polarization for theh coming from the elements in Ω − .
Assumption 2.5.1. We assume that a ∈ C + is such that ι(a) = −a and that ϕ a or −ϕ a defines a polarization for the Z-Hodge structures induced on W by β •h for anyh ∈ Ω ± 1 . Under the above assumption define the inclusion of Shimura data
as β gr : G 1 ֒→ CSp(W Q , ϕ a ) being the spin representation (4) and β HS : Ω
Let Λ n be the congruence level n-subgroup of CSp(W Q , ϕ a )(A f ) corresponding to the lattice W of W Q . In other words we take
It is clear from the definitions that β(K sp ) ⊂ β(K sp n ) ⊂ Λ n hence we obtain a morphism of quasi-projective Q-schemes
Note that fixing the lattice W , respectively the arithmetic group Λ n , one has an immersion 
4.2). It is given by the identification of Sh
. We can put all morphisms considered so far in the following diagram
First construction of Kuga-Satake morphisms. Both morphisms α (K sp ,K a ) and pr n are quotient morphisms as
in Ch VII of [22] ). Moreover, as C acts freely on
We will show that β (K sp ,Λn) descends to a morphism
To do this we have to check that β (K sp ,Λn) is equivariant with respect to the homomorphism (12) . Both Sh K a (G, Ω ± ) and A g,d ′ ,n,Q are reduced schemes over Q so we can check the statement on C-valued points. In other words we have to show that
for any g ∈ C,h ∈ Ω ± and r ∈ G 1 (A f ). But this is tautology as from the definitions we see that
Hence β (K sp ,Λn) descends to a morphism of algebraic stacks
Recall that in Section 2.4 of [28] we defined a period morphism
± ) which sends any complex polarized K3 surface with a level K a -structure to its period point. 
Remark 2.5.4. Note that if K 1 is a subgroup of G 1 (Ẑ) of finite index contained in K sp n and such that α(
Example 2.5.5. Take K sp to be the group K sp n . Then K a = K a n and we obtain a KugaSatake morphism f ± ) and therefore we obtain a Kuga-Satake morphism
Remark 2.5.7. One might want to descend the Kuga-Satake morphism defined in Proposition 2.5.3 to a morphism F 2d,Q → A g,d ′ ,Q . The essence of the problem is that the Kuga-Satake construction described above requires a non-canonical choice of an element a ∈ C + to define a polarization. One can show that the obstruction for descending the Kuga-Satake morphism to a map F 2d,Q → A g,d ′ ,Q is equivalent to the problem posed in Remark 2.4.4.
Our main goal is to define Kuga-Satake morphisms in mixed characteristic. As we will see later (Remark 3.1.8) there are problems extending the morphism f ks d,a,n : F 2d,n sp ,Q → A g,d ′ ,Q due to the fact that A g,d ′ is an algebraic stack. We will give a second construction of Kuga-Satake morphisms below to which we can apply the extension result of Section 3.1.
Second construction of Kuga-Satake morphisms. We will construct a morphism f ks d,a,γ,n,E : F 2d,n sp ,E → A g,d ′ ,n,E for a number field E which can be determined via class field theory from the data d, a, γ, n (see below). To do that we will first determine the fields of definition of the geometric connected components of Sh K sp n (G 1 , Ω ± 1 ) and Sh K a n (G, Ω ± ). We have that
where N :
Denote by E n the subfield of Q ab corresponding to the group Q × R >0 N(K sp n ) via class field theory (see Section 3.1 in [28] ). Then, we have an isomorphism
. We have that
For details see §2 in [14] . Further, if we denote by X the connected component Ω + /Γ [1] of Sh K a n (G, Ω ± ) C , then its field of definition E X is a subfield of E n and hence it is an abelian extension of Q. We have that [E n : E X ] = #C = ϕ(n) (cf. (8)) and ( 
14)
Sh K a
In order to define a Kuga-Satake morphism f ks d,a,n,γ,E : F 2d,n sp ,E → A g,d ′ ,n,E we will give a section of α (K sp n ,K a n ) and use (11) . We see from (9), (10), (13) and (14) , that giving such a section is equivalent to giving a set-theoretic section of the homomorphism Gal(E n /Q) → Gal(E X /Q). For any such (set-theoretic) section γ : Gal(E X /Q) → Gal(E n /Q) one has a morphism
which is defined over E n .
Definition 2.5.8. Define the Kuga-Satake morphism associated to d, a, n and γ
Thus, we have proved the following statement. Proposition 2.5.9. Let d, n ∈ N with n ≥ 3. Let E n and E X be as above and suppose given a set-theoretic section γ of the homomorphism Gal(E n /Q) → Gal(E X /Q). Fix a non-zero element a ∈ C + which satisfies Assumption 2.5.1. Then one has a Kuga-Satake morphism f ks d,a,n,γ,En : F 2d,n sp ,En → A g,d ′ ,n,En where g = 2 19 and d ′ depends explicitly on a and d. It maps every primitively polarized complex K3 surface (X, λ, ν) with a spin level n-structure ν to its associated Kuga-Satake abelian variety A with a certain polarization of degree d ′ 2 and a certain level n-structure. Further, by construction, for any choice of a section γ we have that f ks d,a,n ⊗ E n = pr n • f ks d,a,n,γ,En .
As we have seen, there are many possible ways of defining Kuga-Satake morphisms. In general, one has to make some non-canonical choices in order to find a section of α (K sp n ,K a n )
in (11) and define a morphism F 2d,n sp ,C → A g,d ′ ,n,C . Below, we explain the relative Kuga-Satake construction of Deligne (cf. §5 in [7] ) in our framework. Consider the diagram
Over C one can define a morphism F 2d,n sp ,C → Γ [1] \Ω + by mapping all connected components of F 2d,n sp ,C to Γ [1] \Ω + . See the proof of Proposition 5.7 in [7] . Composing these two maps we obtain a morphism
,n,C which is the relative Kuga-Satake construction described in §5 in [7] and §5 in [1] . One can show that this morphism is defined over a number field. Suppose further, that n = 3 or 4. Here is a possible way to study the field of definition of f n . Combining Proposition 8.3.5 and Theorem 8.4.3 in [1] one can see that f n is defined over the composite of E n with any field K ⊂ C for which F 2d,n sp ,Q has a K-valued point. Then by Theorem 7 in [27] the morphism f n is defined over the composite of E n with the fields of definition of the geometric connected components of F 2d,n sp ,Q . In general, this field can be a non-trivial extension of E n . Remark 2.5.10. The construction of Kuga-Satake morphisms described in this section and the one given in [7] and [1] differ in the choice of a period morphism. We use the "modified" period map j d,K,C in order to be able to apply the results of [28] . In this way we can control explicitly the fields of definition of the morphisms involved in the relative Kuga-Satake construction and therefore the field of definition of f ks d,a,n,γ,C . We will end this section with a result comparing theétale cohomology of a K3 surface and its associated Kuga-Satake abelian variety. Let U i be a geometric connected component of F 2d,n sp ,En which is defined over a field i : Lemma 2.5.11. There is a unique isomorphism of Z l -sheaves
One repeats step by step the proof of Lemma 6.5.13 in [7] . Corollary 2.5.12. Let K be a field of characteristic zero and suppose given a K-valued point (X, λ, ν) ∈ F 2d,n sp ,En (K) . If (A, µ, ǫ) is the corresponding Kuga-Satake abelian variety f ks d,a,n,γ,En (X, λ, ν) , then one has an isomorphism of Gal(K/K)-modules
Proof. It follows from the preceding lemma.
Remark 2.5.13. Note that if R is a discrete valuation ring with a maximal ideal p and field of fractions K of characteristic zero, containing E n . Suppose given a polarized K3 surface (X, λ, α) with spin level n-structure over K and let (A, µ, β) be the corresponding Kuga-Satake abelian variety. Suppose further that X has good reduction modulo p. Then the inertia subgroup I p acts trivially on P 2 et (XK, Z l (1)) for every l different from the characteristic of R/p. As shown in §6.6 in [7] and Lemma 9.3.1 in [1] this implies that I p acts via a finite group on H 1 et (AK, Z l ) i.e., that A has potentially good reduction at p. Since the n-torsion is rational over K we conclude, as in Lemma 9.3.1 in [1] , that A has good reduction at p.
Extension of the Kuga-Satake morphisms in positive characteristic
The following two sections contain the main results of this note. We show that the Kuga-Satake morphism from Definition 2.5.8 extends in positive characteristic. In this way we give a partial answer to the question posed in the beginning of the chapter.
In Section 3.1 we prove an abstract extension result concerning morphisms from smooth schemes into A g,d ′ ,n . Then we use this in the next section to show that f 3.1. The extension result. Let us fix the following notations we will use in this section:
• R will be a discrete valuation ring of mixed characteristic (0, p) where p > 2.
Denote by η and s the generic and the special points of Spec(R), respectively. Further, let K be the fraction field of R and k will denote the residue field of R; • U will be a smooth scheme over R;
• We fix three natural numbers g, d
′ and n ≥ 3 and denote by A the moduli stack A g,d ′ ,n,R of g-dimensional abelian varieties with polarization of degree d ′ 2 and Jacobi level n-structure over R. We will assume that p does not divide d ′ n.
• Assume given a morphism f η : U η → A η . We are interested in extending the morphism f η over R. Of course, in general one cannot expect to be able to do this without further assumptions on f η and U. We will list some conditions below which, if satisfied, will guarantee the existence of an extension of f η .
Assumption 3.1.1. Let x be a point on the special fiber U s of U, let O U,x be its local ring and denote by L the field of fractions of O U,x . Then the morphism f η : Spec(L) → A η extends to a morphismf : Spec(O U,x ) → A.
We will show that if this assumption is fulfilled for certain points of U then the morphism does extend over R. More precisely we have Proposition 3.1.2. Let U be a smooth scheme over R and let f η : U η → A η be a morphism. Assume that the total ramification index e of R satisfies e < p − 1 and that all generic points of the special fiber U s of U satisfy Assumption 3.1.1. Then f η extends uniquely to a morphism f : U → A over R.
Proof. We will divide the proof into several steps.
Step 1: We will prove first that if the morphism extends then the extension is unique. Proof. This boils down to the fact that A is separated over R. Assume that there exist two morphisms, say F 1 and F 2 extending f η over V . Consider the morphism (F 1 , F 2 ) : V → A × R A. The locus where
−1 ∆ A of the diagonal ∆ A ⊂ A × R A which is closed as A is separated over R. Hence we conclude that
In particular, we conclude that if f extends over U, then this extension is unique.
Step 2: There exists a maximal open subscheme V of U such that f η extends to a morphism f V : V → A. Indeed, if f extends over two open subschemes V 1 and V 2 of U, then by Lemma 3.1.3 above those two extensions agree on V 1 ∩ V 2 . Hence we can glue the two morphism and get a morphism f V 1 ∪V 2 : V 1 ∪ V 2 → A. This shows that one can take V to be the union of all open subschemes V ′ of U such that f η extends to a morphism
Step 3: Consider the graph Γ η of f η : U η → A η in U η × A η . Take the flat extension Γ of Γ η over R i.e., the closure of Γ η in U × A. We have the projection map pr 1 :Γ → U. Let {U i s } {i∈I} be the set of connected components of the special fiber U s and for each i let
which is open in U (i) ( §8, Proposition 8.9.4 in EGA IV ([11]) ). We will call this set, with its induced scheme structure the maximal subscheme of U Proof. Note first that the scheme V from Step 2 is contained in V ft . Indeed, the morphism pr 1 : pr the degree of the finite morphism is one, hence it is one everywhere. This means that pr 1 : pr −1 1 (V ft ) → V ft is an isomorphism. Hence one can extend f η on V ft using the second projection map pr 2 :Γ → A. Therefore we get the other inclusion V ft ⊂ V .
Step 4: We will show that the open subscheme V given is Step 2 contains all generic points of U s . We need some auxiliary results.
Lemma 3.1.5. If x ∈ U satisfies Assumption 3.1.1, then x ∈ V .
Proof. According to Step 3 we have to show that pr 1 :Γ → U is flat at x. Claim 3.1.6. Let X be a scheme over R and let Γ η ⊂ X η be a closed subscheme. Take the flat extensionΓ of Γ η . Let i : Y → X be a flat morphism over R and set ∆ η : = i * Γ η . Let∆ be the flat extension of ∆ η in Y . Then one has that∆ = i * Γ .
Proof. Since flatness is stable under base change we have that i * Γ →Γ is flat. Hence i * Γ → R being the composite i * Γ →Γ → R of two flat maps is also flat. Moreover, by the very definitions we have that (i
Therefore by uniqueness of the flat extension (see §2, Proposition 2.8.5 in EGA IV ([11])) we conclude that∆ = i * Γ .
For a scheme X denote by |X| its underlying topological space.
Claim 3.1.7. Let X and T be two schemes and h : T → X be a morphism. Take a point x ∈ |X|, let i : Spec(O X,x ) → X be the morphism associated to x and let i * h : i * T → Spec(O X,x ) be the pull-back map. If i * h is flat, then h is flat above x i.e., it is flat at all points t ∈ h −1 (x).
x -algebras and hence we obtain the result in the claim.
Let us go back to the proof of the Lemma 3.1.5. We have the following diagram:
Spec(R).
Let α = Spec(L) where L is the field of fractions of O U,x . Consider the point ∆ η = (α, f η (α)) on U η × A η . Then by Claim 3.1.6 applied to
we conclude that i * Γ =∆, where∆ is the flat closure over R.
Since Assumption 3.1.1 holds for the point x the map f η : Spec(L) → A η extends to a morphismf : Spec(O U,x ) → A and we see that∆ is the graph off . In particular we have that∆ ∼ = Spec(O U,x ) hence it is flat over Spec(O U,x ). If we apply Claim 3.1.7 with T =Γ and X = U we get that pr 1 :Γ → U is flat at x. Therefore by Step 3 we conclude that x ∈ V . This finishes the proof of the Lemma.
Since all generic points of the special fiber U s satisfy Assumption 3.1.1 we conclude that they are contained in V .
Step 5: By Step 4 there exists an open dense subscheme V of U, containing the generic points of the connected components of the special fiber U s over which the morphism f η : U η → A η extends to a morphism f V : V → A over R. It corresponds to a polarized abelian scheme with level n-structure (A V , λ V , α V ) over V .
As V contains strictly the generic fiber U η and all generic points of the special fiber U s we have that codim U U \ V ≥ 2. Since U is smooth over R and by assumption e < p − 1 then by a result of Faltings (Lemma 3.6 in [21] ) one concludes that A V → V extends to an abelian scheme A → U.
Further, by Lemma 1.0.2 the polarization λ V extends to a polarization λ : A → A t . Since p does not divide n, the level n-structure α V extends uniquely to a level n-structure α on (A, λ). Hence we get a polarized abelian scheme (A, λ, α) extending (A V , λ V , α V ). This corresponds to a morphism f : U → A extending f η . 3.2. Extension of the Kuga-Satake morphisms. In this section we will use the notations established in §2.5. In particular, we fix two natural numbers d and n and let us suppose that n ≥ 3. Let γ be a set-theoretic section of the homomorphism Gal(E n /Q) → Gal(E X /Q). We will show below that the Kuga-Satake morphism f ′ nl and l is the product of the prime numbers p whose ramification index e p in E n is ≥ p − 1.
Proof. Let us first shorten the notations a bit by setting F to be F 2d,n sp ,O En . We may assume that the pull-back of the universal family of polarized K3 surfaces to U is a K3 scheme. The map f Lemma 3.6 in [21] does not hold for these primes. See Section 6 in [6] and Section 3.4 in [21] .
Remark 3.2.3. We use the notations of Theorem 3.2.1. Suppose k is a field of characteristic p such that p does not divide N and let R be a discrete valuation ring of mixed characteristic (0, p) with field of fractions k. Then to every primitively polarized K3 surface with a spin level n-structure (X, λ, ν) over k we associate via f ks d,a,n,γ a polarized abelian variety with level n-structure (A, µ, ǫ) over k. We will call A the Kuga-Satake abelian variety associated to (X, λ, ν). Further, if (X 1 , λ 1 , ν 1 ) and (X 2 , λ 2 , ν 2 ) are two lifts of (X, λ, ν) over R, then the special fibers of (A i , µ i , ǫ i ) := f 
Applications
We end this note with some applications of the existence of Kuga-Satake morphisms in mixed characteristic. In Section 4.1 we show that theétale cohomology relations §6.6.1 [7] and in Definition 4.5.1 in [1] hold for the Kuga-Satake abelian varieties defined in §3.2. Then, in Section 4.2, we study the behavior of f ks d,a,n,γ at ordinary points. Suppose that k is a finite field of characteristic p where p does not divide N (cf. Theorem 3.2.1) and let (X, L, ν) ∈ F 2d,n sp ,Fp (k) be an ordinary point. We will prove that the canonical lift (X can , L, ν) over W (k) is mapped to the canonical lift (A can , µ, ǫ) of (A, µ, ǫ) = f ks d,a,n,γ (X, L, ν) . 4.1. Cohomology groups. Let d and n be two natural numbers and suppose further that n ≥ 3. With the notations as in Sections 2.5 and 3.2 let a ∈ C + be an element satisfying Assumption 2.5.1 and let γ be a set-theoretic section of the homomorphism Gal(E n /Q) → Gal(E X , Q). Then we have a Kuga-Satake morphism
where N = 2dd ′ nl and l is the product of the prime numbers p whose ramification index e p in E n is ≥ p − 1.
Let k be a field of characteristic p and suppose given a k-valued point (X, λ, ν) ∈ F 2d,n sp ,O En [1/N ] . Denote by (A, µ, β n ) the polarized Kuga-Satake abelian variety with level n-structure f ks d,a,n,γ ((X, λ, ν)). Lemma 4.1.1. With the notations as above one has and isomorphism of Gal(k/k)-
Proof. Let (X , λ, ν) be a lift of (X, λ, ν) over W (k) (which exists because F 2d,n sp ,O En [1/N ] is smooth over O En [1/N]) and let (A, µ, ǫ) be the Kuga-Satake variety f ks d,a,n,γ (X , λ, ν) . By Corollary 2.5.12 we have an isomorphism of Gal(K/K)-modules
Hence if l = p one can apply the smooth base change theorem forétale cohomology to prove the claimed isomorphism.
Remark 4.1.2. Note that one can use this isomorphism in case k = F q to compute the Newton polygon of A in terms of the Newton polygon of X. For instance one can see that if X is ordinary then A is also ordinary. We refer to Proposition 2.5 in [24] for a proof.
4.2.
Canonical lifts of ordinary K3 surfaces. Let k be a perfect field of characteristic p > 0 and let W (k) be the ring of Witt vectors. Suppose given an ordinary K3 surface X 0 over k. Denote by X /S the universal deformation of X 0 over W (k). We know that S is formally smooth of dimension 20 (see Corollary 1.2 in [8] ).
In Section IV of [4] , Artin and Mazur define the enlarged formal Brauer group Ψ X 0 of X 0 which is a p-divisible group over k and such that its connected component Ψ
With the notations of Section 4.1 in [26] , let R ∈ A be a local artinian ring with residue field k and let (X → Spec(R), φ) be a deformation of X 0 over R. Then the enlarged formal Brauer group Ψ X over Spec(R) exists. It is a p-divisible group over Spec(R) and the isomorphism φ induces an isomorphism of p-divisible groups over Spec(k)
In other words Ψ X is a lifting of Ψ X 0 over R. Let Def Sch (X 0 ) : A → Sets be the covariant deformation functor defined in Section 4.1 in [26] and let DefBr X 0 : A → Sets be the covariant functor DefBr X 0 (R) = isomorphism classes of pairs (G, φ) where G is a p − divisible group over R and φ :
We have the following Serre-Tate theory for ordinary K3 surfaces:
is a bijection.
Proof. For a proof we refer to Theorem 1.1 in [24] .
Let G be a lifting of Ψ X 0 over R. Since height one groups are rigid, we have precisely one lifting G 
Wn . The projective system {X n } defines a proper flat formal scheme {X n } over Spf(W ). It is algebrizable and defines a K3 scheme X can over Spec(W ) called the canonical lift of X 0 . Every line bundle of X 0 lifts uniquely to a line bundle on X can . For a proof of these facts we refer to Proposition 1.8 in [24] . With the notations established in Section 2.5 let d and n ≥ 3 be two natural numbers, and let a ∈ C + be an element satisfying Assumption 2.5.1. Choose a set-theoretic section γ of the homomorphism Gal(E n /Q) → Gal(E X /Q) so that we have a Kuga-Satake morphism f ′ nl and l is the product of the prime numbers p whose ramification index e p in E n is ≥ p − 1. Let k = F q be a finite field and suppose given an ordinary point (X 0 , L 0 , ν 0 ) ∈ F 2d,n sp ,O En [1/N ] (k) (in particular p does not divide N). Denote by (X can , L) the canonical lift of X 0 to W . The spin level n-structure ν 0 also lifts uniquely to a spin level n-structure on X can as p does not divide N. Denote by (A ks , µ, ǫ) the abelian scheme f Proof. By Theorem 2.7 in [24] we know that, after a base change R ′ → R, the abelian scheme A ks is isogenous to the canonical lift A can of A 0 . Hence we conclude that A ks is a quasi-canonical lift.
Let Def (A 0 ,µ 0 ) : A → Sets be the covariant functor Def (A 0 ,µ 0 ) (R) = {isom. classes of polarized abelian schemes (A, µ, φ) over R and an isomorphism φ : (A, µ) ⊗ R k → (A 0 , µ 0 )}.
This functor is representable by a formal smooth scheme A (A 0 ,µ 0 ) which has a structure of a formal torus. For details we refer to Theorems 1.2.1 and 2.1 in [12] and Ch. III, §1 of [20] . The lift A ks /W defines a point s ∈ A (A 0 ,µ 0 ) (W ). Just like in Lemma 1.5 in Chapter III, § 1 in [20] we conclude that since A ks is a quasi-canonical lift then s is a torsion point. As A (A 0 ,µ 0 ) (W ) is l-divisible for all l = p we have that s p m = 1 ∈ A (A 0 ,µ 0 ) (W ). But s is defined over W which is unramified and any p m torsion point is defined over ramified rings unless m = 0. Hence, s = 1 which corresponds to the canonical lift in the Serre-Tate coordinates. Therefore, A ks is the canonical lift of its special fiber.
Let p be a prime ideal of O En which does not divide N and let k := O En /p be its residue field. It is a finite field and let p be its characteristic. Let R be the localization of O En at p. It is a discrete valuation ring with a residue field k. Let F (2) 2d,n sp ,k be the non-ordinary locus of F 2d,n sp ,k (see Section 1 in [30] ). It is a closed subspace of F 2d,n sp ,k and we consider Combining Theorem 16.5 in [17] and Corollary 6.16 in Ch. II, §6 of [13] with the preceding corollary we obtain the following result. 
